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It is known that given a Hilbert function H, there need not exist a module which
has uniquely the smallest graded Betti numbers among all modules attaining H. In
this paper we extend the previous example of this behavior to an infinite family and
demonstrate with a second infinite family that even when the given Hilbert
function is that of a complete intersection, a module with uniquely smallest graded
Betti numbers need not exist. Finally we prove a conjecture of Geramita, Harima,
and Shin concerning the non-existence of uniquely smallest graded Betti numbers
among all Gorenstein rings attaining a given Hilbert function.  2001 Academic
Press
1. INTRODUCTION
 Let R k x , . . . , x for k a field. Then given a finite length, graded1 n
R-module M, we write a minimal free resolution of M as
   n 2 1 0  n , j 1 , j 0 , j0 R j   R j  R j M 0,Ž . Ž . Ž .Ý Ý Ý
j j j
where   and  Ý  for j, i 0, . . . , n are the gradedi, j i j i, j
Betti numbers and Betti numbers of M. It is well known that the  arei, j
unique.
In this paper we will mainly consider the cyclic case, so that M RI
Ž .where IAnn M is a homogeneous ideal of R,   1, and   00, 0 0, j
for all j 0. We write  I to refer to the set of graded Betti numbers of
1 I thank Graham Evans for his advice concerning the research in this paper.
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RI, and will often abuse notation by calling  I the set of graded Betti
numbers of I.
Ž .Recall that the Hilbert function of RI is the function H RI, d 
Ž . Ž .dim RI , where RI is the d graded piece of RI. Given ak d d
homogeneous ideal I	 R, we will often denote the Hilbert function of
 Ž . Ž . Ž . 4RI as a sequence H H RI, 0 , H RI, 1 , H RI, 2 , . . . , or with the
 Ž . dHilbert series HÝ H RI, d t .d0
Given a Hilbert function H, consider the set
H   I 
 I	 R and H RI  H . 4Ž .R
This set affords two natural partial orders. Namely, if  J,  IH , we sayR
 J  I if  J   I for all i 0, . . . , n and j. We write  J  I ifi, j i, j
Ý  J   J  IÝ  I for all i 0, . . . , n. The latter partialj0 i, j i i j0 i, j
order is natural in cases where one is concerned only with the Betti
Žnumbers of a module for instance, see the BuchsbaumEisenbud, Hor-
rocks conjecture that given a finite length R-module M,  M should be ati
nŽ .  .least B-E, H . In this paper, we will explore the former of these twoi
partial orders. Note that  J  I  J  I, though the converse is not
necessarily true.
An ideal I is said to have the unique largest graded Betti numbers if
J I J H     for all   . It is known that such an ideal exists. Bigatti BR
  Ž .   Žand Hulett Hu independently, in characteristic 0 , and Pardue P in
.characteristic p showed that the lexicographic ideal has this maximal
property, and thus that H is a finite set. This extended Macaulay’sR
 original result M which showed that the lex ideal has the largest first
Betti number  Ý  . Some generalization is needed in the case1 j0 1, j
 that M is not cyclic Hu, P .
An ideal I is said to have the unique smallest graded Betti numbers if
 I  J for all  JH . It is known that such an ideal I need not exist.R
The first example of this behavior is due to Charalambous and Evans
  HC-E , who demonstrated that  does not have a unique smallestR ,
 4  element for H 1, 3, 4, 2, 1 and R k x , x , x . More recently Ro-1 2 3
  Hdriguez Ro has shown that  does not have a unique smallest elementR ,
 4  for H 1, 4, 8, 10, 8, 3, 1 and R k x , x , x , x . It is interesting to note1 2 3 4
that in his paper, Rodriguez demonstrates the existence of a minimal
Ž .resolution under  which is not attainable with a monomial ideal.
The purpose of this paper is three-fold. First I extend Charalambous
and Evans’ original example to an infinite family of Hilbert functions for
which a unique smallest set of graded Betti numbers does not exist. Then I
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show that this may occur even if the Hilbert function in question is that of
a complete intersection. Several techniques one can use to show that a set
of graded Betti numbers is a minimal element of H are demonstratedR ,
 in this section. Finally, I prove a conjecture of Geramita et al. G-H-S
which states that given a Hilbert function H, uniquely smallest graded
Betti numbers need not exist among all Gorenstein rings attaining H.
2. AN INFINITE FAMILY OF HILBERT FUNCTIONS
WITH NO UNIQUE SMALLEST ELEMENT
 Our first task is to extend Charalambous and Evans’ example C-E of a
Hilbert function for which a unique smallest element fails to exist. We
reconsider their construction.
  Ž 3 3 3.Let R k x , x , x for k 101, I x x , x x , x , x , x , and1 2 3 1 3 2 3 1 2 3
Ž 2 2 2 2 5.J x , x , x x , x x , x . Then RI and RJ have the same Hilbert3 2 1 2 1 3 1
Ž . Ž .  4function, H RI H RJ  1, 3, 4, 2, 1 . We may also easily calculate
the graded Betti numbers for I and J. Here we use the Betti diagram
notation of the computer algebra system Macaulay II. The Betti diagrams
for I and J are respectively:
total: 1 5 6 2 total: 1 5 6 2
0: 1    0: 1   
1:  2 1  1:  2  
2:  3 4 1 and 2:  2 4 
3:     3:    1
4:   1 1 4:  1 2 1.
Beginning our enumeration at zero, the entry in the ith column and jth
row of a diagram is  .i, ij
It is obvious that I and J are incomparable under  . This is because
we have  I   J and  I   J . In order to show that I and J imply3, 5 3, 5 3, 6 3, 6
the existence of incomparable minimal elements in H we must proveR ,
 I  J Ž .that there does not exist an ideal  with    ,    , and H R
 H.
 The following theorem found in S helps us to control the graded Betti
numbers of .
 THEOREM 2.1. If 	 R k x , . . . , x , then1 n
i n  d Ý Ý 1  tŽ .d0 i0 i , ddH R , d t  .Ž .Ý n
1 tŽ .d0
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The theorem tells us that fixing a Hilbert function determines the
n Ž . i alternating sum Ý 1  , which is simply the alternating sum of thei0 i, d
graded Betti numbers along a diagonal from the lower left to the upper
right in any given Betti diagram.
So, if  has graded Betti numbers smaller than those of I and J, then
    I  0,     I  0, and     J  0. Thus Ý3    0,1, 5 1, 5 2, 5 2, 5 3, 5 3, 5 i0 i, 5
which contradicts Theorem 2.1, because Ý3  I Ý3  J 1. Wei0 i, 5 i0 i, 5
conclude that  cannot exist. This proof is slightly different than that
found in the original paper.
We can extend this example to give an infinite family of Hilbert
functions which behave in a similar manner.
Let
I x x , x x , x 3 , x m , x mŽ .1 3 2 3 1 2 3
and
J x 2 , x 2 , x m1 x , x m1 x , x m2Ž .3 2 1 2 1 3 1
for m 3. Note that for the case m 3 this is exactly Charalambous and
Evans’ construction. The Hilbert function of RI and RJ is then easily
computed as
H  1, 3, 4, . . . , 4 , 2, 1 .½ 5m 
m 2 times
Because we have the generators for these ideals, we may also write down
minimal free resolutions for each and obtain their Betti diagrams. These
are respectively for m 3:
total: 1 5 6 2 total: 1 5 6 2
0: 1    0: 1   
1:  2 1  1:  2  
2:  1 1  2:   1 
3:     3:    
. . . . . . . . . .. . . . . and . . . . .. . . . . . . . . .
m 2:     m 2:    
m 1:  2 3 1 m 1:  2 3 
m:     m:    1
m 1:   1 1 m 1:  1 2 1.
As in the m 3 case, it is clear that  I and  J are incomparable, so it
Ž .is enough to show that there cannot be an ideal  such that H R  H ,m
   I, and    J. But considering the Betti diagrams of I and J, it
is clear that if  exists, then     I  0,     I  0,1, m2 1, m2 2, m2 2, m2
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and     J  0 imply that    0 for i 0, 1, 2, 3. As be-3, m2 3, m2 i, m2
fore this contradicts Theorem 2.1 because Ý3  I Ý3  J i0 i, m2 i0 i, m2
1.
We conclude that no such ideal  exists, and thus that Hm fails toR ,
have a smallest element for m 3. Furthermore, this infinite family may
 be construed to occur in k x , . . . , x for any c 3 by including the1 c
proper linear elements in I and J.
3. A SECOND INFINITE FAMILY OF EXAMPLES
There are in fact, very few cases for which H is known in general toR ,
have a smallest element. One way to generate families which have a
unique smallest element is to find Hilbert functions for which the graded
Betti numbers of the lex ideal are the smallest graded Betti numbers
possible. That this is so can be guaranteed by Theorem 2.1 if the Betti
diagram for the lex ideal is such that no smaller diagram can maintain the
alternating sum of the diagonals. Such Hilbert functions may be generated
by utilizing the correspondence between Hilbert functions and Geramita,
 Harima, and Shin’s n-type vectors G-H-S . In fact, their paper shows that
the graded Betti numbers of the lex ideal for a given Hilbert function may
be read off the corresponding n-type vector. One can then write down
n-type vectors for which the desired non-existence of any other Betti
Ždiagram is evident this method was privately communicated by A. V.
.  Geramita . We can also see this using the n-list construction in R which
generalizes Geramita, Harima, and Shin’s n-type vectors. For our purposes
here, however, we will simply present an example and do not emphasize
the process used to generate it.
EXAMPLE 3.1. Consider the ideal
20 16 12 2 8 3 4 4 5 4 2  I x , x x , x x , x x , x x , x , x x , x x , x 	Rk x , x , x ,Ž .1 1 2 1 2 1 2 1 2 2 1 3 2 3 3 1 2 3
for k 101. It is straightforward to calculate that the Hilbert series of
RI is

dH H RI , d tŽ .Ý
d0
 1 3t 4 t 2 5t 3 6 t 4 5t 5 5t 6 5t7 4 t 8 4 t9 4 t10
 3t11  3t12  3t13  2 t14  2 t15  2 t16  t17  t18  t19 .
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It is also easy to see that I is lex, so that  I is the unique largest
element in H .R ,
In this case, however,  I is also the unique smallest element of H .R ,
We can see this from the Betti diagram of I,
total: 1 9 14 16
0: 1   
1:  2 1 
2:    
3:    
4:  2 3 1
5:    
6:    
7:  1 2 1
8:    
9:    
10:  1 2 1
11:    
12:    
13:  1 2 1
14:    
15:    
16:  1 2 1
17:    
18:    
19:  1 2 1.
It is clear by Theorem 2.1 that no smaller Betti diagram can have the
same Hilbert function. Thus I has the unique largest and the unique
smallest graded Betti numbers for the Hilbert function H.
We do not know other families of examples of this behavior. It was
commonly supposed that if H was the Hilbert function of an R-sequence,
then H must have a smallest element, namely, the Koszul relations of theR
complete intersection in question should be smallest. This turns out to be
false, as we will demonstrate with our second infinite family of examples.
First we provide the base case for our infinite family.
Ž .THEOREM 3.1. Suppose that HH Rx for some R-sequence x. Then
H need not hae a smallest element.R ,
   4Proof. Let k 101, R k x , x , x , H 1, 3, 5, 6, 6, 5, 3, 1 , x1 2 3
Ž 2 3 5. Ž 4 3 4 6 2 2 .x , x , x 	 R, and I  x , x x , x , x x , x 	 R. Notice that1 2 3 1 1 2 2 2 3 3
Ž . Ž .H Rx H RI  H. Then we may calculate the Betti diagrams of x
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and I, which are respectively:
total: 1 3 3 1 total: 1 5 7 3
0: 1    0: 1   
1:  1   1:  1  
2:  1   2:  1 1 
3:   1  and 3:  1  
4:  1   4:   1 
5:   1  5:  1 2 1
6:   1  6:  1 2 1
7:    1 7:   1 1.
It is easy to see that the Betti diagrams of x and I are incomparable, and
that any ideal  with    x and    I has only two generators.
Then by the Principal Ideal Theorem R cannot have Hilbert function
HH. We conclude that  does not have a smallest element.R ,
We can, in fact, prove a slightly stronger result.
THEOREM 3.2. The ideals x and I of Theorem 3.1 are incomparably
minimal in H .R ,
Proof. We remarked already that  x and   are incomparable, so it
remains to show that they are minimal elements in H .R ,
Ž . J xSuppose that J	 R has H RJ  H and    . Then by Theorem
2.1 it is clear that J is generated by two elements, a contradiction, and we
conclude that  x is minimal. It remains to show there does not exist an
Ž .  Iideal  with H R  H and    .
First notice that     I  0, so that    0. This implies that2, 5 2, 5 2, 5
   1, because otherwise the first relation between the degree 2 and the2, 4
degree 3 generator would occur in some degree strictly greater than 5, a
contradiction. Thus the degree 2 and degree 3 generators cannot be the
elements of an R-sequence, so that  is not 3-generated. Furthermore,
because    1 and by Theorem 2.1, we conclude that    1.2, 4 1, 4
We also notice that   0, so that the degree 2 and the degree 42, 5
generators do form an R-sequence. Suppose then that  is four generated,
Ž .and let y y , y , y be the earliest R-sequence contained in . We1 2 3
Ž .  4write  y , y , y , a for some a R where y is either a 2, 4, 6 or a1 2 3
 4  42, 4, 7 R-sequence. Here by an a , a , a R-sequence, we mean an1 2 3
Ž . Ž . Ž .R-sequence where deg y  a , deg y  a , and deg y  a .1 1 2 2 3 3
Ž .Recall that the Hilbert function of R y : a must be symmetric because
Ž .  4 Ž .y : a is a Gorenstein ideal. If y is a 2, 4, 6 R-sequence, then H Ry 
 4 Ž .  41, 3, 5, 7, 8, 8, 7, 5, 3, 1 , and because H R  H 1, 3, 5, 6, 6, 5, 3, 1 , we
use the short exact sequence
a
0 R y : a Ry R 0, 1Ž . Ž .
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Ž Ž ..  4to calculate that H R y : a  1, 2, 3, 4, 4, 3, 1 , which is not symmetric.
 4 Ž Ž ..  4Likewise, a 2, 4, 7 R-sequence gives H R y : a  1, 2, 3, 5, 6, 5, 3, 1 ,
which fails to be symmetric. We conclude that  is not 4-generated.
Thus  must be 5-generated. Because the alternating sum of the Betti
3 Ž . i   numbers Ý 1  must equal zero we have either   1,   5,i0 i 0 1
  5, and   1, or   1,   5,   6, and   2, that is,2 3 0 1 2 3
  4   4  1, 5, 5, 1 or   1, 5, 6, 2 .
  4Suppose  has Betti numbers   1, 5, 5, 1 . Then  is a Gorenstein
ideal and has a symmetric Betti diagram. There is only one possible Betti
diagram for  which is smaller than  I, preserves the alternating sums
  4along the diagonals, and has Betti numbers   1, 5, 5, 1 . This diagram
is
total: 1 5 5 1
0: 1   
1:  1  
2:  1 1 
3:  1  
4:   1 
5:  1 2 
6:  1 1 
7:    1.
  4As this is not symmetric we conclude that   1, 5, 5, 1 .
  4Thus   1, 5, 6, 2 . The two possible Betti diagrams for  are
total: 1 5 6 2 total: 1 5 6 2
0: 1    0: 1   
1:  1   1:  1  
2:  1 1  2:  1 1 
3:  1   and 3:  1  
4:   1  4:   1 
5:  1 2  5:  1 2 1
6:  1 1 1 6:  1 2 
7:   1 1 7:    1.
Ž .We refer to these possible Betti diagrams as Betti diagram 1 and Betti
Ž .diagram 2 .
Let y be the earliest R-sequence in . Then as before, y is either a
 4  4 Ž .2, 4, 6 or a 2, 4, 7 R-sequence and  y , y , y , a, b for two elements1 2 3
a, b R with the degree of a less than the degree of b. We argue these
cases separately as Case 1 and Case 2.
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 4Case 1. Suppose first that y is a 2, 4, 6 R-sequence. Then the degree
of a is 3, and the degree of b is 7. We know that
H R y, a , 0  1,Ž .Ž .
H R y, a , 1  3,Ž .Ž .
H R y, a , 2  5,Ž .Ž .
and
H R y, a , 3  6,Ž .Ž .
Ž .as y, a contains one degree 2 generator and one degree 3 generator. Also
Ž .we can see from the second syzygies that y : a contains one linear and no
quadratic generators. Thus
H R y : a , 0  1,Ž .Ž .
H R y : a , 1  2,Ž .Ž .
and
H R y : a , 2  3.Ž .Ž .
Ž Ž ..Again H R y : a must be symmetric, so using the short exact se-
Ž .quence 1 and the fact that
 4H Ry  1, 3, 5, 7, 8, 8, 7, 5, 3, 1 ,Ž .
Ž Ž .. Ž Ž ..we can calculate H R y : a and H R y, a . We find that either
 4H R y : a  1, 2, 3, 3, 3, 2, 1Ž .Ž .
and
 4H R y, a  1, 3, 5, 6, 6, 5, 4, 2, 1 ,Ž .Ž .
or
 4H R y : a  1, 2, 3, 4, 3, 2, 1Ž .Ž .
and
 4H R y, a  1, 3, 5, 6, 6, 5, 3, 2, 1 .Ž .Ž .
Ž .In both cases, it must be true that y : a is generated by an R-sequence
because it is isomorphic to a dimension 2 Gorenstein ideal. Thus in the
Ž .  4 Ž .first case y : a is a 1, 3, 5 R-sequence, and in the second case y : a is a
 41, 4, 4 R-sequence. We denote these cases as Case 1a and Case 1b.
SMALLEST GRADED BETTI NUMBERS 245
Ž .  4Case 1a. Suppose first that y : a is a 1, 3, 5 R-sequence, so that
 4H R y : a  1, 2, 3, 3, 3, 2, 1 ,Ž .Ž .
Ž .and denote the Koszul complexes minimally resolving Ry and R y : a
aŽ .by F and G. Then the mapping cone on the injection R y : a  Ry
Ž .gives a free resolution of R y, a . First we consider the chain map
induced by multiplication by a:
   4  4  4  4F 12 6, 8, 10 2, 4, 6 0   
a a a a3 2 1 0
   4  4  4  4G 12 7, 9, 11 4, 6, 8 3 . Ž .2
In this diagram we have simplified the notation by only recording the
degrees of the shifts in the free modules at each step of the resolutions of
F and G.
aŽ .The mapping cone on R y : a  Ry gives a free resolution
 4  4  2 2 4  4  4M 12  7, 9, 11, 12  4, 6 , 8 , 10  2, 3, 4, 6  0 .
Here we have simplified notation, similarly to that above, by simply noting
the degree shifts and the order of each degree shift for each step of the
resolution.
It is clear that M is not minimal because it has the wrong projective
dimension. In fact, M fails to be minimal exactly when some copy of
Ž . Ž .R j 	 G maps via a isomorphically onto some copy of R j 	 F ,i i i
Ž .yielding a split exact resolution of 0 in M. Here we see that R 12 	 M4
Ž . Ž .maps isomorphically onto R 12 	 M . So cancelling copies of R 123
from M and M yields the free resolution4 3
  4  2 2 4  4  4M 7, 9, 11  4, 6 , 8 , 10  2, 3, 4, 6  0 .
Ž . Ž .By considering the degrees in the chain map 2 , and recalling that y, a
has generators in degrees 2, 3, 4, and 6, we see that M must in fact be
minimal.
Ž ŽŽ . ..We can then calculate H R y, a : b using the short exact sequence
b
0 R y, a : b R y, a  R 0, 3Ž . Ž . Ž .Ž .
Ž ŽŽ . ..  4 ŽŽ . .  4and find that H R y, a : b  1, 1, 1 . Thus y, a : b is a 1, 1, 3
bŽŽ . .R-sequence. Now the mapping cone on the injection R y, a : b 
Ž .R y, a gives a free resolution of R, which again by considering the
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possible cancellations can be made minimal, and yields the Betti diagram:
total: 1 5 9 6 1
0: 1    
1:  1   
2:  1 1  
3:  1   
4:   2 1 
5:  1   
6:  1 4 2 
7:     
8:   2 3 1.
This is clearly not the Betti diagram of . In fact it is not even of the
right projective dimension. We conclude that Case 1a yields a contradic-
tion.
Ž .  4Case 1b. So suppose y : a is a 1, 4, 4 R-sequence, and thus that
 4H R y : a  1, 2, 3, 4, 3, 2, 1 .Ž .Ž .
In this case we will not be able to find a minimal resolution, but by
considering the possible cancellations in the chain maps induced by
multiplication by a and b, we can find a lower bound for the graded Betti
numbers of . So again let F and G be the Koszul complexes minimally
Ž .resolving Ry, and R y : a . The chain map obtained by multiplication by
a gives the diagram
   4  4  4  4F 12 6, 8, 10 2, 4, 6 0   
a a a a3 2 1 0
2 2   4  4  4  4G 12 8 , 11 4, 7 3 ,
aŽ .and the mapping cone on the injection R y : a  Ry gives a free
Ž .resolution of R y, a ,
 4  2 4  2 4  4  4M 12  8 , 11, 12  4, 6, 7 , 8, 10  2, 3, 4, 6  0 .
Again M has the wrong projective dimension, so we should cancel the
Ž . Ž .terms M  R 12 and R 12 	 M from our resolution. It is also4 3
Ž .possible that a copy of R 8 	 G maps isomorphically onto a copy of2
Ž . Ž .R 8 	 F , so that a minimal resolution for R y, a is either2
  2 4  2 4  4  4M 8 , 11  4, 6, 7 , 8, 10  2, 3, 4, 6  0
or
  4  2 4  4  4M 8, 11  4, 6, 7 , 10  2, 3, 4, 6  0 .
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Ž . Ž ŽŽ . ..From the short exact sequence 3 we calculate that H R y, a : b 
 4 ŽŽ . .  41, 1 and thus y, a : b is a 1, 1, 2 R-sequence. Because we do not know
which of the two resolutions M or M is the minimal resolution for
Ž .R y, a , we will not be able to calculate the Betti diagram of  exactly.
We can however find a lower bound for these graded Betti numbers.
ŽŽ . .Let L be the Koszul complex which resolves R y, a : b . Then if
 Ž .M is a minimal free resolution of R y, a , the chain map induced by
multiplication by b gives the diagram
  2   4  4  4  4M 8, 11 4, 6, 7 , 10 2, 3, 4, 6 0   
b b b b3 2 1 0
2 2   4  4  4  4L 11 9, 10 8 , 9 7 .
bŽŽ . . Ž .The mapping cone on the injection R y, a : b  R y, a gives a free
resolution of R
 4  2 4  2 2 4  4  4N 11  8, 9, 10 , 11  4, 6, 7 , 8 , 9, 10  2, 3, 4, 6, 7  0 .
After cancelling all terms which could possibly contribute to a split exact
resolution of zero, we get the possible resolution
  4  2 2 4  4  4N 8, 9, 10  4, 6, 7 , 8 , 9  2, 3, 4, 6, 7  0 .
Ž . Likewise, if y, a had minimal free resolution M, then multiplication
by b gives the chain map
 2  2   4  4  4  4M 8 , 11 4, 6, 7 , 8, 10 2, 3, 4, 6 0   
b b b b3 2 1 0
2 2   4  4  4  4L 11 9, 10 8 , 9 7
and mapping cone
 4  2 2 4  2 3 4  4  4P 11  8 , 9, 10 , 11  4, 6, 7 , 8 , 9, 10  2, 3, 4, 6, 7  0 .
After cancelling all terms which could possibly contribute to a split exact
resolution of zero we get the possible resolution
  2 4  2 3 4  4  4P 8 , 9, 10  4, 6, 7 , 8 , 9  2, 3, 4, 6, 7  0 .
The smaller of these two possible resolutions gives a lower bound for the
graded Betti numbers of . Here the lower bound comes from N ,
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corresponding to the Betti diagram
total: 1 5 7 3
0: 1   
1:  1  
2:  1 1 
3:  1  
4:   1 
5:  1 2 1
6:  1 2 1
7:   1 1.
Ž .This Betti diagram is larger than both Betti diagram 1 and Betti
Ž .diagram 2 , the two possible Betti diagrams for . We conclude that Case
1b gives a contradiction. This completes Case 1.
Case 2. So suppose that the degree of a is 3, the degree of b is 6, and y
 4 Ž .is a 2, 4, 7 R-sequence. We proceed as before. Because H Ry 
 4 Ž Ž ..1, 3, 5, 7, 8, 8, 8, 7, 5, 3, 1 and H R y : a must be symmetric, we can
calculate that either
 4H R y : a  1, 2, 3, 3, 3, 3, 2, 1Ž .Ž .
and
 4H R y, a  1, 3, 5, 6, 6, 5, 5, 4, 2, 1 ,Ž .Ž .
or
 4H R y : a  1, 2, 3, 4, 4, 3, 2, 1Ž .Ž .
and
 4H R y, a  1, 3, 5, 6, 6, 5, 4, 3, 2, 1 .Ž .Ž .
Ž .Again y : a is generated by an R-sequence because it is isomorphic to a
Ž .  4dimension 2 Gorenstein ideal. In the first case y : a is a 1, 3, 6 R-
Ž .  4sequence, and in the second case y : a is a 1, 4, 5 R-sequence. We refer
to these two cases as Case 2a and Case 2b.
Ž .  4Case 2a. Suppose first that y : a is a 1, 3, 6 R-sequence so that
 4H R y : a  1, 2, 3, 3, 3, 3, 2, 1 .Ž .Ž .
Ž .Then using the short exact sequence 3 we can calculate
 4H R y, a : b  2, 3, 2, 1 ,Ž .Ž .Ž .
a clear contradiction.
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Ž .  4Case 2b. So suppose y : a is a 1, 4, 5 R-sequence and
 4H R y : a  1, 2, 3, 4, 4, 3, 2, 1 .Ž .Ž .
Ž . Ž ŽŽ . ..Again we use the short exact sequence 3 to calculate H R y, a : b . In
Ž ŽŽ . ..  4this case H R y, a : b  1, 2, 2, 1 . Unfortunately, we cannot now say,
ŽŽ . .as we did in Case 1b, that y, a : b is an R-sequence. But the Hilbert
ŽŽ . .function of R y, a : b is simple enough that we can proceed. First as in
aŽ .Case 1b, the mapping cone on the injection R y : a  Ry yields two
Ž .possible Betti resolutions for R y, a ,
 4  4  4  4M 8, 12  4, 6, 7, 8, 11  2, 3, 4, 7  0
and
  4  4  4  4M 8, 9, 12  4, 6, 7, 8, 9, 11  2, 3, 4, 7  0 .
ŽŽ . .We can also list all the possible resolutions for R y, a : b . We use the
Betti diagram notation as this proves easier to manipulate. The lex ideal
 4with Hilbert function H 1, 2, 2, 1 has Betti diagram
total: 1 4 5 2
0: 1 1  
1:  1 1 
2:  1 2 1
3:  1 2 1
  ŽŽ . .and this bounds our possibilities B, Hu, P . If y, a : b is 4-generated,
then by Theorem 2.1 the only other possible Betti diagram is
total: 1 4 4 1
0: 1 1  
1:  1 1 
2:  1 2 
3:  1 1 1.
ŽŽ . .This would force y, a : b to be Gorenstein, and because its Betti
ŽŽ . .diagram is clearly not symmetric, this gives a contradiction. So if y, a : b
is 4 generated, then it has the graded Betti numbers of the lex ideal.
ŽŽ . .If y, a : b is 3 generated, then it is an R-sequence, and we can quickly
 4determine that it is a 1, 2, 3 R-sequence. This follows from the facts that
its Betti diagram must be smaller than that of the lex ideal and that we can
calculate its Hilbert function. In this case the graded Betti numbers of
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ŽŽ . .y, a : b must be
total: 1 3 3 1
0: 1 1  
1:  1 1 
2:  1 1 
3:   1 1.
ŽŽ . .It is clear that y, a : b cannot be 2 generated, so we have two possible
ŽŽ . .resolutions for R y, a : b . Together with the two possible resolutions
Ž .for R y, a this gives four possible combinations, which we will consider
ŽŽ . .in two separate casesthat for which y, a : b has the Betti diagram of
the lex ideal, and that for which it is a complete intersection. Call these
Ž . Ž .cases Case 2b i and Case 2b ii .
Ž . ŽŽ . .Case 2b i . Suppose first that y, a : b has the graded Betti numbers
ŽŽ . .of the lex ideal and write a minimal free resolution of y, a : b as L.
Ž .Then if a minimal free resolution of R y, a is M, the resolutions of
Ž . ŽŽ . .y, a and y, a : b together with the chain map induced by multiplication
by b give the diagram
   4  4  4  4M 8, 12 4, 6, 7, 8, 11 2, 3, 4, 7 0   
b b b b3 2 1 0
2 2   4  4  4  4L 11, 12 9, 10 , 11 7, 8, 9, 10 6
and mapping cone
 4  2 2 4  2 2 4P 11, 12  8, 9, 10 , 11 , 12  4, 6, 7 , 8 , 9, 10, 11
 4  4 2, 3, 4, 6, 7  0 .
Here P gives a free resolution of R. But it is clear by considering
Ž .these diagrams that R 11 	P cannot map isomorphically onto a copy4
Ž .of R 11 	P and is thus necessary in a minimal free resolution. This3
implies that a minimal free resolution of  has length four, a contradic-
tion.
If we suppose, on the other hand, that a minimal free resolution of
Ž . R y, a is M, then after a similar argument we arrive at the same
contradiction.
Ž . ŽŽ . .  4Case 2b ii . So suppose that y, a : b is a 1, 2, 3 R-sequence, and
ŽŽ . .that R y, a : b is resolved by the Koszul complex K. Then if M is a
Ž .minimal free resolution of y, a , the chain map induced by multiplication
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by b gives the diagram
   4  4  4  4M 8, 12 4, 6, 7, 8, 11 2, 3, 4, 7 0   
b b b b3 2 1 0
   4  4  4  4K 12 9, 10, 11 7, 8, 9 6
and mapping cone
 4  4  2 2 4P 12  8, 9, 10, 11, 12  4, 6, 7 , 8 , 9, 11
 4  4 2, 3, 4, 6, 7  0 .
Thus P gives a free resolution of R. After removing all terms which
could possibly contribute to a split exact resolution of zero, we obtain the
lower bound for the resolution of R
  4  2 2 4  4  4P 8, 9, 10  4, 6, 7 , 8 , 9  2, 3, 4, 6, 7  0 ,
which would correspond to the Betti diagram
total: 1 5 7 3
0: 1   
1:  1  
2:  1 1 
3:  1  
4:   1 
5:  1 2 1
6:  1 2 1
7:   1 1.
Ž .We refer to this diagram as Betti diagram 5 .
 Ž .Supposing that M is a minimal free resolution for R y, a , taking the
mapping cone, and removing all terms which could possibly be unnecessary
Ž .also yields Betti diagram 5 .
Ž . Ž .But this is a contradiction. Both Betti diagram 1 and Betti diagram 2 ,
the two possibilities for the Betti diagram of  , are smaller than our lower
Ž . Ž .bound 5 . This completes Case 2b ii , and hence Case 2b and Case 2.
Ž .  IWe conclude that there is no ideal  with H R  H and    ,
so that I has minimal graded Betti numbers.
We now easily extend this example to an infinite family.
THEOREM 3.3. Let H be the Hilbert function of the R-sequence xm
Ž m m1 2 m1.   Hx , x , x 	 k x , x , x for m 2, k 101. Then 1 2 3 1 2 3 R ,
does not hae a smallest element.
Ž . J xProof. If J	 R is an ideal with H RJ  H and    , then bym
Theorem 2.1 it is clear that J must be generated by two elements, a
contradiction. Therefore  x is minimal and we only need to give an ideal
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whose quotient has the proper Hilbert function and whose graded Betti
numbers are incomparable with those of x. So let
I m  x 2 m , x m1 x 2 m , x 2 mm , x 2 m2 x , x 2 m4 x 2 , . . . , x 2 x m1 , x m .Ž . Ž .1 1 2 2 2 3 2 3 2 3 3
Ž .Because I m fails to have a generator in degree 2m 1, but has a
Ž Ž .. xgenerator in degree 3m 1 it is clear that if H RI m  H , then m
and  IŽm. are incomparable. Any ideal with smaller graded Betti numbers
would be 2-generated, a contradiction. Thus we only need to show that
Ž Ž .. Ž .H RI m  H . By writing down a resolution of RI m one can easilym
show that this is the case.
It is instructive to say a few more words about these examples. First, the
idea that the graded Betti numbers of an R-sequence may not be uniquely
smallest came from considering R-sequences which had possible cancella-
Ž 2 3 5.  tion in their Betti diagrams. Note that for x x , x , x 	 k x , x , x1 2 3 1 2 3
Ž .  4 x xand HH Rx  1, 3, 5, 6, 6, 5, 3, 1 , we have that     1 while1, 5 2, 5
Ý3  x  0. Thus there may exist an ideal with the right Hilbert func-i0 i, 5
tion but no generator in degree 5. To explore this possibility, a modifica-
 tion of the algorithm in Ro was used to generate monomial ideals which
Ž .satisfied two criteria: that their Hilbert function agreed with H Rx, d
for d 0, 1, 2, 3, 4, and that their generators were all in degrees strictly
Žless than five our first investigations actually considered the more compli-
Ž 2 3 4 5..cated R-sequence x , x , x , x . From the resulting list we choose the1 2 3 4
Ž . Ž .first ideal, call it J, such that H RJ, 5 H Rx, 5 . Thus J did not
Ž . Ž .require a generator in degree five to ensure that H RJ, d H Rx, d
for d 0, 1, 2, 3, 4, 5. It then remained to determine if the right
Ž . Ž .generators could be added to J to ensure that H RJ H Rx . In
particular, from degree 4 to degree 5, J grows faster than x, this evidenced
by the fact that in order to maintain the same Hilbert function in degree 5,
x needed a generator while J did not. It was not clear whether this faster
growth of J, complicated by the fact that more generators must be added
in subsequent degrees, would force J to grow too fast in some degree.
ˆMore concisely, it seemed possible that for each J J such that
ˆŽ . Ž .H RJ, d H Rx, d for all d, there would exist d  5 such thatJˆ
ˆŽ . Ž .H RJ, d H Rx, d . To counteract the speed at which J seemed toˆ ˆJ J
be growing we added all subsequent generators in lex orderbecause we
know from Macaulay that generators in lex order give the slowest ideal
 growth M .
This tactic worked, yielding our first counter-example, which we have
since simplified to that which occurs above. In particular, we were able to
 4  4replace the 2, 3, 4, 5 R-sequence with a 2, 3, 5 R-sequence, and drasti-
cally reduce the number of generators by deviating from lex in the second
part of the construction.
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Of course, this example raises the question of whether or not the
possible cancellation in the Betti diagram of x, that is, the fact that
 x   x  1 while Ý3  x  0, was necessary for such an example.1, 5 2, 5 i0 i, 5
The answer is no. Once we knew the type of behavior to look for, it was
Ž 4 5 5 7 .not difficult, only tedious, to show that y  x , x , x , x 	1 2 3 4
  H ŽRy.k x , x , x , x fails to be the smallest element in  . In this in-1 2 3 4 R ,
stance, y is an R-sequence such that for each j, Ý4  y  0 only wheni0 i, j
 y  0 for all i 0, 1, 2, 3, 4.i, j
4. THE GERAMITAHARIMASHIN CONJECTURE
Our final result considers the behavior of Gorenstein ideals. We know
that H has a unique largest element, but need not have a uniqueR ,
smallest element. There is reason to believe that the graded Betti numbers
of Gorenstein ideals behave in a similar manner. Geramita, Harima, and
 Shin have in fact conjectured in G-H-S that the finite set
H   I 
 I is a Gorenstein ideal of R with H RI  H 4Ž .R
has a unique largest element when H has certain characteristics. In
particular, H must be the Hilbert function of a Gorenstein ring R
where  is constructed from a certain lex ideal. In this case, their
candidate for the unique largest element of H is  . The hope is thatR
because the lex ideal has the largest graded Betti numbers, the Gorenstein
ideal which we obtain from it will also have the largest graded Betti
numbers. These authors have also postulated that H need not have aR
unique smallest element.
Ž . HConjecture 4.1 GeramitaHarimaShin . The set  need not have aR
unique smallest element.
The analogous hope was that ideals which have incomparable minimal
graded Betti numbers may be used to construct Gorenstein ideals which
have incomparable minimal graded Betti numbers. This hope, as we will
see in Example 4.1, was not realized in general. We were, however, able to
prove the conjecture.
The proof consists of an example, but it is better to explain the
construction rather than simply presenting the result.
   So, let k be the field 101, S k x , x , x , R S x , and con-1 2 3 4
sider ideals of S,
I x 2 , x 3 , x x 3 , x x 4 , x7Ž .1 2 2 3 1 3 3
and
J x x , x 3 , x 4 , x 3 x 2 , x 5 .Ž .1 2 3 1 1 3 2
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Ž . Ž .It is clear that ht I  ht J  3, so that I and J are CohenMacaulay.
We can also calculate that
 4H SI H SJ  1, 3, 5, 6, 5, 2, 1  A,Ž . Ž .
and using arguments similar to those in Section 3 it can be shown that I
and J are incomparable in  A . These ideals were obtained using aS,
 modification of the algorithm in Ro .
Next we will use I and J to manufacture Gorenstein ideals in R.
Ž .DEFINITION 4.1. Let I	 R be a homogeneous ideal with ht I  dim R
Ž . Ž .and let x	 I be an R-sequence such that x : I  I x . Suppose also
Ž .that x : I and I share no minimal primes. Then the link-add of I with
Ž .respect to x is defined to be the ideal x : I  I.
  Ž .Peskine and Szpiro have shown P-S that x : I  I is Gorenstein. Also,
  Ž .Geramita et al. have shown G-H-S that the Hilbert function of x : I  I
depends only on the Hilbert function of I and the sum of the degrees of
the elements comprising the R-sequence x. We will usually refer to
Ž .x : I  I as the link-add of I.
Ž 2 3 7.So consider I and J as ideals in R and denote x , x , x 	 I by x1 2 3
Ž 3 4 5.and x , x , x 	 J by y. We see that I and J have the same Hilbert3 1 2
function, and the sums of the degrees of x and y are equal. Unfortunately,
Ž . Ž .it is also easy to see that x : I , I, y : J , and J all share the minimal
Ž .prime x , x , x , so that Peskine and Szpiro’s conditions do not hold. In1 2 3
order to fix this, we perform the simplified version of Hartshorne’s
 distraction found in G-G-R .
Hartshorne’s distraction 	 transforms our ideals by acting on the
j Ž j. j1Ž .generators according to the rule x  	 x Ł x  tx . Note thati i t0 i 4
the characteristic of our field must be large enough to ensure that t does
not inadvertently become zero. We will denote the image of this operation
with a hat.
Ž 4 3 .  EXAMPLE 4.1. Consider the ideal x , x x x , x x 	 k x , x , x .1 1 2 3 2 3 1 2 3
Then
	 x 4 , x x x , x 3 x  	 x 4 , 	 x x x , 	 x 3 xŽ .Ž . Ž . Ž .Ž .1 1 2 3 2 3 1 1 2 3 2 3
 x x  x x  2 x x  3 x , x x x ,Ž . Ž . Ž . Ž .Ž 1 1 4 1 4 1 4 1 2 3
x x  x x  2 x xŽ . Ž . .2 2 4 2 4 3
 x 4 6 x 3 x  11 x 2 x 2 6 x x 3 , x x x , x 3 xŽ 1 1 4 1 4 1 4 1 2 3 2 3
3 x 2 x x  2 x x x 2 ..2 3 4 2 3 4
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Ž 2 3 7.Now 	 is sufficiently general so that x 	 x , x , x remains anˆ 1 2 3
ˆ ˆ ˆ ˆŽ . Ž .R-sequence, x : I  I x, and I and x : I share no minimal primes.ˆ ˆ ˆ
ˆ ˆ ˆThe same is true for J, so we link-add each of I and J. This yields two
Gorenstein ideals of R,
I x 2 3 x x  2 x 2 , x 3 6 x 2 x  11 x x 2 6 x 3 ,Ž 1 1 4 4 2 2 4 2 4 4
x x 2 5x x x  2 x 2 x  6 x x 2 10 x x 2 12 x 3 ,1 2 1 2 4 2 4 1 4 2 4 4
x 4 22 x 3 x  23 x 2 x 2 32 x x 3 32 x 4 ,3 3 4 3 4 3 4 4
x x 3 6 x x 2 x  x 3 x  11 x x x 2 6 x 2 x 2 6 x x 32 3 2 3 4 3 4 2 3 4 3 4 2 4
11 x x 3 6 x 4 ,3 4 4
x x 3 x  12 x x 2 x 2 x 3 x 2 49 x x x 3 12 x 2 x 31 3 4 1 3 4 3 4 1 3 4 3 4
33 x x 4 49 x x 4 33 x 5 ,1 4 3 4 4
x 2 x 2 x  8 x 2 x x 2 17x 3 x 2 17x 2 x 3 42 x x x 3 2 x 2 x 32 3 4 2 3 4 3 4 2 4 2 3 4 3 4
34 x x 4 35x x 4 16 x 5 .2 4 3 4 4
and
J x x  x x  x x  x 2 , x 3 6 x 2 x  11 x x 2 6 x 3 ,Ž 1 2 1 4 2 4 4 3 3 4 3 4 4
x 3 9 x 2 x  26 x x 2 24 x 3 , x 2 x 2 x  3 x 2 x x 2 5x x 2 x 21 1 4 1 4 4 1 3 4 1 3 4 1 3 4
2 x 2 x 3 15x x x 3 6 x 2 x 3 10 x x 4 18 x x 4 12 x 5 ,1 4 1 3 4 3 4 1 4 3 4 4
x 4 x  3 x 4 x  14 x 3 x x  42 x 3 x 2 30 x 2 x x 2 34 x x 4 10 x 5 ,2 3 2 4 2 3 4 2 4 2 3 4 3 4 4
x 5 15x 4 x  16 x 3 x 2 30 x 5 , x 4 x  14 x 3 x 2 8 x x 4 45x 5 ..2 2 4 2 4 4 2 4 2 4 1 4 4
Both I and J have Hilbert function
 4H 1, 4, 9, 14, 17, 14, 9, 4, 1 ,
 this assured by G-H-S, Theorem 6.1 and verified with a simple calculation
on Macaulay II. The distraction plus link-add method of constructing
Gorenstein ideals was proposed in private communication by A. V.
Geramita.
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We compute the Betti diagrams for I and J, which are respectively:
total: 1 7 12 7 1 total: 1 7 12 7 1
0: 1     0: 1    
1:  1    1:  1   
2:  2 2   2:  2   
3:  2    3:   2  
4:  2 8 2  and 4:  4 8 4 
5:    2  5:   2  
6:   2 2  6:    2 
7:    1  7:    1 
8:     1 8:     1.
It remains then only to show that I and J imply that there does not exist
a smallest element in H.R
THEOREM 4.1. There does not exist a Gorenstein ideal  with    I
 J Ž .and    such that H R  H.
Proof. Suppose that there exists such a Gorenstein ideal . Then its
Betti diagram must be
total: 1 5 8 5 1
0: 1    
1:  1   
2:  2   
3:     
4:  2 8 2 
5:     
6:    2 
7:    1 
8:     1.
This is the only diagram which is smaller than those of both I and J
while remaining symmetric and preserving the alternating sums of the
graded Betti numbers, as required by Theorem 2.1.
Thus  has 5 generators: one in degree 2, two in degree 3, and two in
degree 5. This is a contradiction because we know by a theorem of Kunz
 K that no almost complete intersection is Gorenstein. We conclude that
Hno such ideal  exists, and thus  fails to have a smallest element.R ,
We should say one final word about this construction. It is not enough
that I and J have minimal incomparable graded Betti numbers to ensure
that the link-adds of I and J will be incomparable Gorenstein ideals.
   EXAMPLE 4.2. Let k 101 and write S k x , x , x , R S x .1 2 3 4
Ž 2 4 4. Ž 2 3 2Then the ideals I x , x x x , x , x and J x , x , x x x ,1 1 2 3 2 3 1 2 1 2 3
4 5. Ž . Ž .  4x x , x both have H SI H SJ  1, 3, 5, 6, 5, 2, 1 . The Betti dia-1 3 3
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grams for I and J are respectively:
total: 1 4 6 3 total: 1 5 7 3
0: 1    0: 1   
1:  1   1:  1  
2:  1 1  2:  1  
3:  2   and 3:  1 2 
4:   4 2 4:  2 4 2
5:     5:    
6:   1 1 6:   1 1.
Clearly I and J are incomparable because any ideal with smaller
graded Betti numbers must be 3-generated, hence an S-sequence. All
S-sequences are Gorenstein, forcing the Hilbert function to be symmetric,
a contradiction.
It is also easy to see that I has minimal graded Betti numbers. The only
smaller Betti diagram which satisfies the requirements of Theorem 2.1 is
total: 1 3 5 3
0: 1   
1:  1  
2:  1  
3:  1  
4:   4 2
5:    
6:   1 1
a contradiction because this is 3-generated.
It is only slightly harder to show that  J  is minimal. Suppose that there
Ž .  4  J exists an ideal 	 S such that H S  1, 3, 5, 6, 5, 2, 1 ,    , and
   J . Then the Betti diagram for  must be
total: 1 3 5 3 total: 1 4 6 3
0: 1    0: 1   
1:  1   1:  1  
2:  1   2:  1  
3:  1   or 3:  1 1 
4:   4 2 4:  1 4 2
5:     5:    
6:   1 1 6:   1 1.
The first Betti diagram belongs to a 3-generated ideal, and as we have
seen, this gives a contradiction. Therefore  must have the second Betti
diagram. From the second syzygies we can see that the degree 2 and the
 4degree 3 generators form an S-sequence. Thus there is either a 2, 3, 4 or
 4 Ž . Ž .a 2, 3, 5 S-sequence in . We write  y , y , y , a where y , y , y is1 2 3 1 2 3
the S-sequence and a is the remaining generator.
Ž .  4If y , y , y is a 2, 3, 4 S-sequence, then1 2 3
 4H S y , y , y  1, 3, 5, 6, 5, 3, 1Ž .Ž .1 2 3
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2 3Ž .  4and a S . The socle of S y , y , y is y y y . Because5 2 2 3 1 2 3
H S y , y , y , 6 H S , 6  1Ž . Ž .Ž .1 2 3
2 3 Ž . Ž .we see that y y y  x , x , x a, so that x , x , x a  0 1 2 3 1 2 3 1 2 3
Ž . Ž .S y , y , y . This implies that a is also in the socle of S y , y , y and1 2 3 1 2 3
is thus a contradiction.
Ž .  4Therefore y , y , y must be a 2, 3, 5 S-sequence, so that a S . We1 2 3 4
ŽŽ . .can calculate the Hilbert function of S y , y , y : a from the short1 2 3
exact sequence
a
0 S y , y , y : a S y , y , y  S 0.Ž . Ž .Ž .1 2 3 1 2 3
Because
 4H S y , y , y  1, 3, 5, 6, 6, 5, 3, 1Ž .Ž .1 2 3
and
 4H S  1, 3, 5, 6, 5, 2, 1 ,Ž .
Ž ŽŽ . .  4 ŽŽ . .we find that H S y , y , y : a  1, 3, 2, 1 . However, y , y , y : a1 2 3 1 2 3
is Gorenstein, so its Hilbert function should be symmetric. This gives a
contradiction and we conclude that J is minimal.
Ž 2 4 4. Ž 2 3 5.Write x x , x , x to be the S-sequence in I and y x , x , x to1 2 3 1 2 3
be the S-sequence in J. Because the sums of the degrees of x and y are
equal, we can now use the distraction plus link-add construction on I and
J. The resulting ideals, which we call I and J, are
I x  2 x , x 3 9 x 2 x  26 x x 2 24 x 3 ,Ž 1 4 3 3 4 3 4 4
x x x  x x 2 x x 2 x 3 , x 3 9 x 2 x  26 x x 2 24 x 3 .2 3 4 2 4 3 4 4 2 2 4 2 4 4
and
J x  2 x , x 3 12 x 2 x  47x x 2 41 x 3 ,Ž 1 4 3 3 4 3 4 4
x 2 x  5x 2 x  5x x x  25x x 2 6 x x 2 30 x 3 ,2 3 2 4 2 3 4 2 4 3 4 4
x 3 6 x 2 x  11 x x 2 6 x 3 ,2 2 4 2 4 4
x x 2 x  3 x x x 2 x 2 x 2 2 x x 3 3 x x 3 2 x 4 ,2 3 4 2 3 4 3 4 2 4 3 4 4
x 2 x 3 7x x 4 12 x 5 ..3 4 3 4 4
The Betti diagrams of I and J are
total: 1 4 6 4 1 total: 1 6 10 6 1
0: 1 1    0: 1 1   
1:      1:     
2:  3 3   2:  3 4 1 
3:      and 3:  1 2 1 
4:   3 3  4:  1 4 3 
5:      5:     
6:    1 1 6:    1 1.
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From the Betti diagrams we can see that  I  J.
Through each of the results in the paper, Theorem 2.1 was useful to
distinguish the cases worth consideration from those which failed to attain
the given Hilbert function. An interesting question is to ask whether each
possible Betti diagram which has graded Betti numbers larger than some
minimal element and smaller than the lex ideal is attainable by some ideal
in R if and only if it satisfies the requirements of Theorem 2.1. The answer
 to this question is no. A discussion of this fact may be found in E-R .
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